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A  Central  Limit  Theorem  for  Non-linear 
Functions  of  a  Normal  Stationary  Process* 

by 

Tze-Chien  Sun 


Introduct 1 on . 


Let  X^,  t  =  0,+l,+2,  •  •  •  be  a  real  normal  stationary 
process  with  mean  EX^  s  0  for  all  t  and  covariances 


rk  =  cov(X^Xd+k)  ^  if  |  elkXf(X)dX  ,  k=0,+l,+2, 

% 

where  f  £  L2(-it,n:)  *  Since  Xfc  is  a  real  process,  f  (X)  is 
symmetrical  with  respect  to  X=o,  i.e.  f  (-X)  m  f(X)  for 
-ic  <.  X  <  it .  Since  rk  la  a  positive  definite  sequence, 
f (X)  ±  0  fo*  -it  £  X  £  it. 

Let 


°i  *b 

TL 

P  f (X)dX  <;CX  =  max(l,c1) 

U 

^7t 

2  '  m 

Pf2(X)dX  <.  c2  ~  max(1*c2^ 

u 

(1) 


Note  that  f (X)  above  is  defined  only  on  [-n,it] . 
However  we  may  at  times  find  it  necessary  for  later  use  to 
extend  f (X)  to  the  whole  real  line  by  periodicity  with  period 


2x,  i.e. 

f  (X+2mt)  @  f  (X)  ,  £  X  <  it  ,  n=0,+l,+2,  •  •  •  . 


This  research  was  supported  by  the  Office  of  Naval  Research 
under  Contract  Nonr  562(29)  at  Brown  University .  Reproduction 
in  whole  or  in  part  is  permitted  for  any  purpose  of  the 
United  States  Government . 
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It  has  been  known  that  a  stationary  process  generated 
by  any  linear  function  of  a  normal  stationary  process  is  again 
noxmal  if  it  exists  in  the  mean.  But  a  stationary  process 
generated  by  a  non-linear  function  of  a  normal  stationary  process 
is  not  in  general  normal,  e.g.  has  as  its  marginal  distribu¬ 
tion  a  chi-square  distribution  and  hence  is  not  normal .  However, 
it  is  a  very  interesting  question  to  ask  what  conditions  we 
should  impose  on  the  original  process  and  the  form  of  the  non¬ 
linear  functions  so  that  the  new  stationary  processes  generated 
by  those  non-linear  functions  of  a  normal  stationary  process  obey 
the  Central  Limit  Theorem.  The  solution  of  this  problem  will 
provide  more  knowledge  on  the  non-linear  problems  and,  in 
particular,  will  help  us  to  carry  out  estimations  of  parameters 
involving  non-linear  functions  of  the  process . 

It  was  proved  by  Rosenblatt  [l],  estimating  the 


maximum  eigenvalue  of  a  Toeplitz  matrix  that  if 

*  ",  N-M 

iv  2  X,X  ,  k*>0,l, are  the  covariance  estimates  of 
o 

iv.*  and  f  £L  1  then 


v^(r*-Er*)  ,  k-0,1, ...,s 


are  asymptotically  Jointly  normally  distributed  with  mean  zero 

and  covariances 

1  I*  o  / 

k  *  it  u  ops  kX  f  (\)dX  1  *  %  •  •  *  s  • 

The  result  obtained  here  Is  a  generalization  of  that  given  above. 


We  shall  first  prove  under  the  conditions 

^  sin2  |  X 

-*  sln2 1 K 


(i)  tiir  (it)  in  ds 


f (\)dX  exists  and 


is  finite,  for  the  case  m  any  positive  odd  integer,  that 

sf  A  Vi4°) xt+4a> 

a=l,2, . .  .,n  where  n  is  a  positive  integer  and  k^v*/,kgv'/,  •  •  *,-m 
are  integers,  are  asymptotically,  jointly  normally  distributed 


with  mean  zero  and  certain  finite  covariances  ra  a,  =1,2, * .  .,n 
The  main  result  will  be  that  under  conditions  (l)  and  (ii) 


l  K 

“X  2  (X  (a) 
N$  t=l  t+kca ' 


X 


v4a) 


t+ 


) 


a=l,2, . . . ,n  where  n  and  ma  are  positives  Integers  and 
k|a^,  . .  .,k^^  are  integers ,  are  asymptotically,  jointly  normally 
distributed  with  mean  zero  and  certain  finite  covariances .  How¬ 
ever  if  iiijj,  a=l,2, . .  ,,n  are  all  even,  then  the  condition  (ii) 


is  not  needed . 


(i)  and  (ii)  are  sufficient  conditions .  Whether  they 
are  necessary  is  still  unknown .  In  an  example  in  §2  of  [2],  it 
was  shown  that  given  any  p  with  1  <  p  <  2  one  can  construct  an 
f  £  iP  but  not  in  L2  such  that  one  does  not  have  asymptotic 

2 

normality  of  the  covariance  estimate .  Because  we  assumed  f €  L 
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and  so  adapted  as  the  weighing  factor  and  because  (ii)  is  the 

1  N 

necessary  and  sufficient  condition  for  =x  2  x.  being  asymptotical 

N*  t=l  * 

ly  normal,  we  see  from  the  above  mentioned  example  that  (i)  and 

(ii)  are  rather  reasonable  sufficient  conditions .  Nevertheless, 

-  2 

whether  every  normal  stationary  process  with  f CL  fails  to  have 
asymptotic  normality  of  the  covariance  estimate  or  of  any  other 
non-linear  functions  of  the  process  is  still  an  interesting  open 
problem . 


Let 

00  oo 
Y(t)  *  2  2 

a«l  k^=-°° 

i— l ,  * » • ,  m 

ki-l-£ki 


A  sufficient  condition  is  given  for  the  new  process  Y(t) 
asymptotic  normality . 


having 


We  think  it  worthwhile  to  mention  some  other  work  on 
non-linear  functions  of  a  random  process,  e.g.  [3]>  [4],  [5]* 
[6],  although  they  are  not  directly  related  to  our  work. 
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1 .  An  Auxiliary  Theorem . 

We  say  {a^ag, .  .  .,aR}  is  an  unordered  set  if 
{s^ag,  • .  •  * an}  an<*  {i’ljbg, . .  .,bR}  are  considered  the  same  when¬ 
ever  the  bj  *s  are  just  a  permutation  of  the  a^  's.  And  we  say 
{a-^ag,  ...,an}  is  an  ordered  set  If  {a^ag, . .  ,,a  }  and 
[b^,bg, , . .  ,bR}  are  considered  different  from  each  other  unless 
aj=bj  f°r  sii  <J=1,2, . .  .,n.  For  example,  if  {a-^Sg^^}  represents 
a  3 -dimens i onal  vector,  it  is  an  ordered  set  for  { a^ ,  a.g ,  a^}  = 

»  implies  a^=b^ , a2=bg, a^b^  and  if  {aj>4g,ao}  are  the 
result  of  picking  successively  3  numbers  from  1,2, . . .,n  and  we 
do  not  care  which  was  picked  out  first  and  which  was  second  and 
which  was  third,  in  this  case  { a^,a2,a^}  is  an  unordered  set 
because  {1,2,3}  =  {3,2,1}  *  {1,3,2}  =  {3,1,2}  ={2,1,3}  =  {2,3,1}. 

We  shall  call  a  partition  into  pairs  of  a  set 
A  -  {a-j_,  * .  .,an}  where  n  is  even,  and  all  a^  are  distinct,  an 
unordered  collection  of  mutually  disjoint,  unordered  pairs 

"  fa%.i'aW*  9,1,9 . n/8'  ”* 

n/2 

such  that  l  I  k  -  k. 

P=1  P 

Theorem  1 ,  Let  T^  =  {t^,tg, , . ,,t^}  be  a  set  of  k  integers .  Then 


EX.  X.  ...  X. 

-1  -2  ^k 


=  < 


0 


|  rt,  -t 

Ak  J1  J2  J3  * 


if  k  Is  odd 


t ,  -t 
J  k-1  k 


if  k  is  even 
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where  2  denotes  summation  over  all  possible  partitions  into 


pairs  of  the  set  with  the  understanding  that  in  counting 
possible  partitions  into  pairs  of  we  shall  regard  the  t ^ ‘s 
as  entries  distinct  from  each  other  instead  of  taking  them  as 


numerical  numbers,  so  that  there  are  exactly 


k! 


2k/2(|) ! 


terms  in 


k2'  *  x 

[Proof] .  Differentiating  the  multi -variate  characteristic  func¬ 


tion  of  X.  X.  X.  , 

*2*  “  ‘'k 


* •  •  •» =  2 


e 


=  e 

We  shall  obtain  the  following 
* 

EX.  X.  ...  X. 
tl  t2  tk 


k 

i  2  p  X 
3=1  J  j 

-  i  2 

2  3^=1 


t3~t^ 


..  .d^ 


if  k  is  odd 


h  (-1) 


®  !  ever" all  *»J  -*'**'-* 


,  •  -r. 


tJ'k-l  ^k 


1  h  h  h 

ordered  A  e  5 
collections  of  mutually 
dis3oint,  ordered  pairs 
[(t>  ,t  ), . .  .(t,  ,t.  )]  such  that 

3i  J2  Jk-1  Jk 

(t3i,t32)U*“U(t3k-l,t3k)  * 


»  2  r 


t,  -t 


rt.  -t,  *•*  rt1  -t. 

3k-l  ^k 


3i  32  33  34 


if  k  is  even. 
Q.E.D. 


«W  S? 
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Suppose  we  let  A  =  {a;L,a2, . .  B  =  {b^bg, . . 


Ya  W"-\  "  EXa1Xa2*’-Xam 

*  \V\  -  SW-\ 

whei?e  j=l,2,  . .  .,m  and  b^,  j=l,2,  . .  .,n  are  any  Integers  *  W< 
like  to  have  an  explicit  formula  for 

‘BVv”V*VV-‘V 

in  terms  of  summation  over  the  set  AUB,  Note  that  in  taking 
the  union  of  A  and  B,  we  consider  them  as  sets  consisting  of 
distinct  elements  a^ag*  » .  .#a^*  b-^jbgj  *  *  *#^n  instead  of  taking 
them  as  numerical  values. 

Corollary  1.1  ♦  Let  A  *  {  a1,a2, .  ,  „a J  ,  B  ={  b1,b2, . .  .,bn} 
and  p=  .  Then 


EY  Y.  = 
a  d 


v*  _ 

■VB  \  %  aJ3’%  a. 
rb  -b_  rb  -b  •  •  •  •  rfc 


if  ntf-n  is  odd  (a) 


p2  p3  p4 


J2u-1  J2u 


h  »b  ra.  -b 

d2u)+l  P2wt-2p+l  J2«^2  p2ojt2P+2 


■a,  -b 
Jm  % 


if  m+n  is  even  (b) 


where  0  <  2u  <  m,  0  <  2uh-2|3  <  n  by  Theorem  1 ,  However, 

those  terms  in  2  with  2w=m  and  2w^2(3=n  are  canceled  by 
AUB 

-E(X&  . .  .Xa  )E(X^  ,  ..X^  ).  Hence  (b)  is  established, 

1  m  1  n 
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2 .  A  Central  Limit  Theorem  for  Odd  Products . 

In  Theorem  2,  we  shall  assume  in  addition  to 


f  £IT(-it,it),  that 


sin2  if  X 


lira 

N->°° 


*  J  '^Tx f(x)dx 

“it  e 


exists  and  is  finite .  For  convenience  of  writing,  let  us  define 


=  lim 
N->°° 


&  A  | 


n  .2  N  \ 
h  Sin  7T  ^ 


•  yf  •  f  (X)dX 
J  sin  ^  X 

-it  2 


so  from  here  on  whenever  condition  (2)  is  assumed,  we  define 
f (0)  as  in  the  above  formula .  Since  the  integral 


«! 


3  Sin8  I  X 


■  p-f  f(x)d\ 

sin  #  X 


is  finite  for  each  N  and  its  limit  as  N  —»  oo  exists  and  is 
finite,  there  exist  a  C^,  1  <  <  00  such  that 


Jl 

_i_  f 
2itN  J 


X  a.  2  N  v 
p  sin  q-  x 

-  -  p  V  f*(MdX  <  C, 

•J  sin*  #  X  : 

-it  2 


for  all  N. 


We  also  need  the  following  results : 

,  tch  sin2  ft  X  +X  +a) 

-V-  f  ■  2  j •  12  -  f (X,)dX,dXp  ^  c,  .<  C, 
7t)2N  sin2  ICX^^+Xg+a)  1  *  *  1  *  1 


tj^N  IJ  sin2  ~(X,+ 

-It-lt  2'  U. 

2  N/ 

i  f sln  fty 

t)%  j  sin2  |Tx,+ 

— “jr” it  s  4i 


5  it  sin8  |(X1- 


h  J  t 


f2(\1)dX1dX2  =  c2  ^  C2 


f(Xi)f(X2)dX1dX2  C2  (4) 
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for  any  real  a  and  for  all  N.  We  need  to  Introduce  some  useful 
notation  here . 

Notation  1. 

Let  m  and  n  be  positive  integers  such  that  m+n  is  even. 

Let  a  =  and  {3  =  and  A  =  {  a^, . . . , am] ,  B  *  {  b^,  . .  .,b^J 
Then,  we  write 


a1,a2,...,a 
exp  ^b^ibg, . . .,bn' 

•  •  -Aa 


J2u-1  J2w 


i(a.  -a.  )\+i(a  -a.  )X  +  . .  .+i(a,  -a.  )X 

2*  e  J1  J2  1  J3  J4  2  J2w-1  J2w  u 

AUB 

i(b_  -b  )X  ,+i(b  -b  )X  .p+...+i(b  -b 

Pi  P2  P3  Pl|  ^2  P2u>-l+2p  1 


^U- 

p2u-l+2{3  p2w+-2|3 


i(a.  -b 
J2wtl 


p2uH-2P+l  ^ ^2trt'P+1  ^  ^2w+2  p2tJ*-2P+2^  2tjf?+2 


i(aj  -b  )Xa 
pn 


*  6  ^2uri-p+l+^2uH-p+2+  *  *  ,+\s'°) 


where  (i)  2  was  defined  in  Corollary  1.1. 

AUB 

(ii)  &(x,0)  is  a  6 »f unction  at  x=0  such  that 


1_ 

2x 


Notation  2.  Let 

sin  ||  X 
sin  ^  X 


(6) 
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Theorem  2.  Suppose  f€L  (-it, it)  and 


^  A  f 


exists  and  is  finite.  Let  m  be  a  positive  odd  integer .  Then 


a  5?  il  Xt+k^a^At+k|a^ 


...  X 


a=l,2, . .  ..,n  where  n  is  a  positive  integer  and  kj^^kg0^, . .  .,k^a^ 


are  integers,  are  asymptotically,  jointly  normally  distributed 
with  mean  zero  and  covariances 

raj;(S  *  fow)m  6itp  KP).*4?)—4?) 

'  V  X  X  X 


dX  dX  . .  ,dX_ 
id  m 


c,P  *  1,2, . .  .,n. 


The  proof  of  Theorem  2  Will  be  given  in  several  steps 
formulated  in  terras  of  several  lemmas.  In  the  first  two  lemmas. 


we  shall  show 


as  N  — >°° 


a, {3  »  1,2, , . .,n. 


Let  Yjj  =  2  pa  Yjj  a  be  any  linear  combination  of  Yjj  0 
cc==l  *  * 


It  will  be  shown  in  the  remaining  lemmas  that 


8  Tt/ 


the  Sr  moments  of  a  Gaussian  distribution 
n  n 

with  variance  (  2  2  u  aQr  J 

a=l  p=l  a  r  a'P 


mmv  a 


12 


The  "moment  convergence  theorem"  [7]  then  assures  that  is 
asymptotically  normally  distributed .  This  is  just  the  assertion 
of  Theorem  2 . 

Lemma  2  .1  Suppose  F€  L  (-71,51)  and  a  is  any  real  number.  Then 


1 

% 

^  4(VX2+a),f(Xl)‘f(_X2'a) 

1  ^A  \  A  \ 

(2tc)2N 

1 

-it 

I  d^d^g 

™>  0 

uniformly  for 

all 

a  as  N  — >  00  . 

[Proof] .  First  we  make  the  following  transformation .  Let 


X_  +\_+a 
1  2 


u. 
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Then,  we  have 


-N 


‘N 


.it  u+tu+a 


- 

27t+a 


a 

a 


ux )  j  f  ( ux  -Ug-a)-f(-Ug-a)  |  2du;Ldu2 


ux)  j  |f( ttj. -u2 -a) -f ( -u2 -ag ) I  2dUgdu1 


-it+u^-a 


Tt+u^-a 


7~S“  J  K§(%)  f  lf‘(ui-Ug-a)-f(-Ug-a)|2dUgdu1 

(2tc)2N  J+a  *  1  4  12  ^  ^ 


(7) 


We  can  rearrange  the  order  of  integration  because  the  above 

g 

integral  is  absolutely  integrable  for  each  N.  Since  f  €.L  (-m,7t) 
and  f  is  periodic  on  the  real  line  with  period  2it,  for  each  e  >  0, 
we  can  find  a  5(e)  >0,  such  that 

2!  f  I f (x+\)-f (\) | 2d\  <  | 

whenever  j  x|  <  6  (e ) .  Also  let 

4C  . 

N(e  )  «  Integral  part  of  [ - 5—^ —  -jr  +  l] . 

sin-  |  6 

Suppose  2  m;  <  a  <  2(n+l)Ti  for  some  n=0,+l,+2, . . and  let 


a 


2(n-2M 

2(n-lk  ; 

(  ®  "  2(r 

Ul.  .... 

{+T)k  ' 

'  2 ( n+2 )ic  2(n+3) 

•  • 

W 

III 

!  ^-210x1  <  b 

C.  -  -  — 

.(e)/2  for  k  = 

/ 

(n-1). 

n,  (n+l)  or  (n+2)} 
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11  =  {u1 :  a  <  u1  <  2it-!-a } 

12  =  :  -27t+a  <  ^  <  a] 


Then  (7)  becomes 

1 

'FT' 

-N 


it 


<  2icN 


-Tt 

% 


2?tN 


“it 


V I  ** +  A  |  sifi. .  & 

“it  2 


rrT  4  °2  4ui 


<  E 


if  N  >  N(e) . 


Hence  lemma  (2.1)  is  proved. 

Lemma  2.2  Let  m  be  a  positive  odd  integer.  Then 
f,  N  N 

E-il  2  2  (X  (a\X  /  \  ...  X  (  ) 

V  t,-l  tg-1  tj+fcf  >  v40)  ti+km 


) 


t  ,  f...f  ®*p 

-1  *^2.  *  *  *  •,''m 


dX-jdX 


as 


N  ->oo  for  a,p=l,2,  ...,n  and  moreover  |r^p|  <  bo. 
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Then 


,  N  N 

Is  S 


1  N 


N  N 


:4o) . 4s)i> A? *  f4p) 

. 4th  • 

V 

k(a)> 

m 

(V^)V^) v 

jcCp)’  r 

m  J 

E  ,  ( X  /  \X  (a) i  *  *  *  ^ 

.  v  v4 :  v4 

V4a)) 

•s 

(xt  +k(?)!Ct  +k(P!  *“  \+kif>) 

z2  K1  v2  *2  2  m 


-i  N  N  * 

•i  *  2  2  r 


4“  4-* 


r(ti+kja)  "Vkp^  5  <Vkj 

3-  <Wl  8  *Wl  x  J 


m 


m 


where  S  was  defined  in  Corollary  {1 .1; . 

!  I  A 

N  N 
S  Z 


A-UA, 

* 

■  z 

A_  W  A  o 
a  p 


tl  1  t2  1 


p  *  i(lcS5)sk^)V  ...  +i(k(1a)  -^a))Xu 
J4.  f  Jj.  %  1  J2w-1  J2u 

i(k^^-k^^  )X  1+. .  «+i(kp^  ~kp^)X2« 

?!  Pg  p2u-l  p2u 


i(k(.a)  -k<a)  )  Xp  .,  +  ... +l(k(1a)-l4a))X^ 

%i#l  p2wfl  %  %  711 

1^X2wa+X2w+-2+*-  •+Vtltt*’i^X2u»H+X2«^2+”  ,+Vt2 

-  V 

f  (X^)f  (Xg)  •  •  .fC^MX^dXg  •  * 
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*  2*  J. 
AaUAf  ten)35] 


* 

I' 


i(k(a  ^ -k^a bx,  +  ..  .+i(k$a ^  -k^a h\. 

J  1  tJ'g  *  U  *\  .  .  „  T  U>S  .  .  W 


1  -  7 
J2u-1  J2u 


dp'*k“'p'; )\  ^,+  ...+i 

P|  P2  '  urM 


-k'H/  }X0 

P2b>-1  p2aj  2uj 


i(kla)  -k^}  )X2urfl+“-+i(k.ia)- 

J2brKL  p2u+l  2ar^L 


m  rm 


^2u+l+^2u+2+  *  *  *  ’  *f  ^\n^d^ld^2  *  *  *d\n 


We  can  change  the  order  of  integration  because  those  integrals  in 
(8)  are  absolutely  integrable  for  each  N.  Note  also  that  the 
above  integrals  are  all  real .  Their  imaginary  parts  are  zero 
for  all  N  because  f  (X)  is  symmetric  about  X=0.  In  order  to  show 
that,  for  2u  <  m*l, 

«  ±(k(aKkM)x+...+i(k(aK^h\m 

1  Iff  „  31  Ja  1  Jm  pm  m 


W****1-*  •  .+\n)f<Vr<S)  •  •  .«s, 

i  r'  r  1  -k5a) J  V  •  •  •i'1( kj° 5  ~k^ 1  ( '^aa+i'  •  •  ’Vi5 

(a*)*-1  H  e 

""Tt 

f(X1)f(X2)  ..  *f ^2brtl"X2w+2' *  ’  ‘ "Na-l^ 

dX-j^dXg . .  .dXm_1  (9) 


it  suffices  to  prove 


562(29)/8 


1? 


(a*)“  l”‘J 

“1C 

If^JftXg)...: 

«K)-?(h)«xs) . .  .KViin-v 

f 

■H I 

-4- 

jt2 . \n-l^ 

•>  0 

(10) 

as  N  — >oo  for  2u  <  m-1.  However,  it  is  equal  to 


And  by  Schwarz  Inequality, 


T-wFn  ij 

%  k(^m)“f(‘X2u>+-l'*  •  •  -\n-i )  I  d\n-ld\n 

it 

”  '(2it)^N  ^  *  *  *+Xm^f2^Xm-l^Xin-ldXm^ 

“1C 

‘Tixj^  i  #Wi+-”+Vlf(V'r<*W . k’iVV^ 

“ft 


- >  0  uniformly  for  all  ^2utf-l*' !  *Nn-2  as  ^  00 

because  the  first  integral  is  bounded  by  c|  and  the  second 
integral  goes  to  zero  uniformly  as  N  — >  °o  by  lemma  (2.1). 
Therefore,  the  integral  in  (ll)  and  (10)  goes  to  zero  as  N  — »  oo  , 
and  hence  (9)  holds. 
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In  the  case  2u»m-l,  it  is  easy  to  show  that 
*  .  i(k(1a)-k(1a))\  +...+i(k(ct)  -k(a)  )\  . 

1  1  n*  r  h  h  1  4-2  4-i  2^1 

H  J  ••  e  2 

-*»>  )x , 

9  P1  p2  %-2  %-l  ">“1 

ttk4'lc%))x»  1^(x») 


(Xg) . .  .f(Xm)dX1d\2 . .  .dXm 


pit  n  i(kla)-k^)X  +...+i(k^^  -k£P)  )X  , 

i  r  *  4  4  1  4-2  pm-l  m_1 


.  *  4  e 


as  N  — >  oo  . 


f(x1)f(x2) .  *  .f(\miil)f(o)dx1dXs..  .dX^ 


(9)  and  (12)  together  imply  that 


(8)  2 


A«U 


it  ,  i(k(.a4k(a))x  +??.+i(U®)  -k^K 

i  1  Ji  Jg  *  *'2w-l  J2u  w 

•  if  6 

i(k^4k(P))\  +  ^(fcCP)  _k(  P) )  \ 

_  pi  pi 


' '  '+1(k£°  'ltP-)  >('X2“fl . W 


m 


f(X1)f(\2) . .  (Xm.1)f(-X2ufi“*  •  *”4-1^ 


•^-1 


where  we  write  f  (0)  in  place  of  f  (-Xg^^-Xg^g- . . X^-i )  when 
2w=m-l .  In  our  notation  (13)  is  just 
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r  „  = 
a>{3 

f(\)f(Xg)  * .  .f (XjuJd^dXg . .  .dX^ 

Moreover  ra  ^  is  finite  because  f  £Lc(-ft,it)  . 

Hence,  lemma  (2.2)  is  proved. 

The  following  2  lemma  will  be  needed  in  lemma  2.5. 

2 

Lemma  2.3  Suppose  f  €L  and  a  is  any  real  number .  Then 

i 

*  |  K^(  \*a)f  (X.)dX  **»>  0 

'  -ft 

uniformly  for  all  a  as  N  — »  o°  . 

[Proof  ] .  For  each  e  >  0,  choose  a  6(e)  >  0  such  that 

J  f2(X)dX  <f| 

whenever  S  is  a  measurable  set  and  the  Lebesgue  measure  of  S 
is  less  than  6(e).  Suppose 

2nft  <  a  <  2(n+l)ft  ,  for  some  integer  n 

Let  S6  =  [X:  | (\+a)-2kft|  < -|  ,  for  tern  or  (n+l)} 

I  *  {X:  -ft  ^  X  <  ft} 

2(n-l)ft  2nft  a  2  (n+l)  ft  2(n+2)it 


ra 


ft 


“ft 


exp 


/V(a)lf(a)  ]*(a)' 
1  *2  ‘  •  *Km 

Ki  *2  * '  ‘  m 

X,  Xg  •••Xm 
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Then 


it 

4  |  %(X+a)f(X)dX 


“it 


A 

l  s 


&(e)  I“S6(e) 


1 

N 


M*) 


K*(X+a)dX  0 

%U) 


K^(X+a)f(X)d\ 


f 


/S  sin  ^  &(e)  j_s 


f(X)dX 
6(e) 


<  1  +  1  =  e 
^22  e 


if 


N  > 


- 

°1 .  T 

si 

n  75  6  ( e )  J 

Thus,  le’ima  (2.3)  is  proved . 

p 

Latwha  2 .4  Suppose  f£i»  (-n,Tt),  then 


1_ 

n 

N2 


%(tH-X2+al }  %4^3+a2 ) 

%(±Vl±VanA)%(iVan) 

f(X1)f(X2)...f(Xn)  dX^Xg  •  •  -dXn 


uniformly  for  all  and  n  where  n  is  any  positive 
integer,  and  for  all  possible  combinations  of  plus  and  minus 
signs  appearing  in  the  kernels,  as  N  >  00  . 

[Proof j.  For  each  0  <e  <1,  hy  lemma  (2.3)  there  Is  an  N(e)  >  0 
sued  that  -A  |  K„(l+a)f(l)4>.  <  e  uniformly  for  ail  a  whenever 
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N  >  N(e ) .  ®iefi 


§  w 


ft 


“it 


KN(+\^Xg+a1)i^(+Xg+X^+ag) . .  .KN(+Xn+an) 

f(Vf(x2)...i 


n/w'1dX2“  ,dXn 


<  e  <  e 


21 


whenever  N  >  N(e),  by  successive  use  of  lemma  (2.3) .  Q.E.D. 
Let 
1 


N 


■  w  th  -  t+k'a>  * . . 11 


Then  EYM  „  Y.T  „  . . .  Y..  =  0,  when  Jt>  is  odd,  where 

N,a^  N,a2  N,a^  *  * 

a1,a2,  =  1,2, . . ,,n,  by  theorem  1,  However  in  order  to 

compute  the  moment 


EYxf  „  Y«  „  . .  .YM  .  when  &  is  even 
N,a-^  N,a2  «, 


where  a-^cig, , .  ,,ajj  =  1,2,  . .  ,,n.  We  shall  make  use  of  the  follow 
ing  subindex  table . 


f  (%)  (an)  (c 

Q=  l^+k^  ,  t1+k2  -  ,  tx+km 


(al) 


(cu) 


(ctg) 


2+kl  '  fc2+k2  ^  t2+ki 


(a2) 


m 


(a  n)  (a«) 

^4+ki  *  ^f+k2  » ••  •*  t<e+km 


which  is  closely  related  to  the  limit  of  the  above  moment. 
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We  need  to  introduce  some  new  notations  with  respect  to  this  set 
G,  for  i  even*  Nevertheless,  we  should  remark  first  that  we 


shall  not  regard  G  as  a  set  of  integers  depending  upon  the  values 
of  t-^tg, . .  .,tg,  but  shall  consider  G  as  a  set  consisting  of 
distinct  elements  characterized  by  the  sub indices  after  t  and  k 
so  that  each  of  them  occupies  a  definite  position  in  the  table 

(Sp) 

(14) 4  for  example,  tg+k^  is  the  third  element  in  the  second 
row  of  (14) . 


for  convenience  in  writing,  we  shall 

(a, ) 

t.+k.  ±  =  s. 


-<  tl 


(a-j) 

+k_  1  - 


(<*,) 

w 

(a«) 


m 


t„+l 


'2  ’'ki 

(a2) 

tg+kg 


2'  „ 


=  s, 


m+1 


=  s, 


mt2 


(«2) 

lVkm  =  Vm  =  s2m 


r 


.  <«*> 
H*h 

(*£) 
yfc,  * 


s(4-l)mH 

s(^-l)nr*-2 

s(i-l)m+m  ~  sim 
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What  we  did  above  is  only  to  change  a  set  with  two  indices  into 
a  set  with  one  index .  The  relation  (15)  gives  a  one -one  corre¬ 
spondence  between  s  »s  and  the  positions  in  Table  (l4) . 


Then 


EY*y  y»t  H  •  Ym  ft 
Nj  cx^  N,Og 


N  N 


*  E 


(X  K)X  <«,)“**  («,>' 

Ijj2  Zl  A  d=l  t,+k,  1  t.+K,  1  t,+kL  1 


'1  “1 


(X 


(“2)X  K)***X  (a2) 

Vki  v** 


) 


(X  \X 

t^ 


...X 


*  t*% 


ttf+k 


m 


J 


n  N  N 

475  S  ...  2  E(X  X  ...  X  ) 

1 r/2  tx-l  tg=l  81  s2  s£m 

1  N  N 

2  ...  2  (2  r  ,s  r  _s  ...r  _s  ) 
tl“1  ^i-1  0  ^1  ^2  ^3  ^4  ^im-1  *^m 


=  2 
G 


~  f  1  N 


N 


2  ...  2  re 


. .  .r_ 


1^/f  ‘s,  -S  *3.  -S.  ’*”8,  -s 

IT  1  ty  1  J1  jg  dm-1  *im 


There  are 


dm) ! 


terras  in  2  ,  Each  of  them  is  a  multiple 


2~uy  ‘-(£Si)  1  G 


sum  over  t^ . .  ,,tg  and  weighted  by  N~/  *  and  each  sum  is 
characterized  completely  by  the  subindices  after  the  r *s .  We 


shall  call 


s  =  . (Wj 
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the  associated  subindex-pai r  set  of  the  multiple  sum 


N 


N 


2  . . .  2  r_  _  r  _  . . .  r 

tx=l  t^l  sJ1"Sj2  SJ3  8, 


‘Si 

2m -1  Jm 


Here  we  recall  that  the  s^’s  can  be  identified  with  the  elements 


in  Tables  (14)  in  one -one  manner  by 
We  define 


.  (u-> )  (ct-i )  (ct -I  )- 

ai  “  ^i+ki  ,t:i+k2  *  •••■»ti+km  ^ 

®  (si*  s2*  *  *  *,sm} 


(«©)  (a0) 


°2  *  tvki 2  *v>4 2' . h<‘"i 

~  ^sm+l,sm+2,  ••*,s2m- 


.  (a*)  (a«)  (cto), 

*  ^j0+ki  jti+k2  '  ^ 

=  ^(je-l)n^l,5(^-l)mt2,**,,3im^ 

Hence  0  =  G1^  G2  \J  ...UG^  and  G^OG^.  «  0,  j^k.  (Since  we 
(a  j  )  (oj  ) 

consider  1 4  +k_  1  and  1 4  +k_  2  to  be  distinct  if  or 


4  Pl  ^2  Pg 

.  We  shall  also  define  two  classes  of  subsets  of  G 
(i)  H  *  { •  P  <  Q#  P> . .  .#■$} 

=  {Gp  O  Gq  !  p  Pi 


(17) 


where  H  „  =  9  UGn 
pq  P  q 
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&  “  (^4  •  3—1*2,  . .  .,2  -l] 


where  L  =  Q  \J  Ck  U  ...U(J. 

J  Ji  Jg  Jn 

for  some  n  <  &,  ^  <  jg  . . . <  Jn,  Jg, .  •  .,Jn= 

1,2,  •  i  ■  ,  • 


We  say  an  associated  sub index-pair  set 

S  *  {(s,  , s .  ),  (s1  ,s  ),...,(s1  ,s.  )} 

J1  J2  J3  J4  Jim-1  Jim 

where  j1,  ••••&*  and  V^a  *  if  *  ls 

decomposable  with  respect  to  H.  if  there  are  mutually  disjoint 

subsets  S1,S2, . .  of  S  such  that 

4/2  /#\ 

S  O  S  and  for  each  p,  p=l,2, . . V2  w®  have  US  =  H  v  • 
p=l  P  p  q 

'  'Let  A  a  {  a,b,c,  . .  .,d},  by  'Oa  we  mean  UA  -  aUb  Uc  U  . . .  \Jd. 

Note  the  difference  of  US  and  US 

p  P  P 

(i)  Usp  «  s1us2u  ...  Usi/2 

(ii)  C/Sp  =  the  union  of  all  elements  of  Sp 

e.g.  if  Sp  —  { ( ®g ) * ( ^3* ®2j.) *•••#( ®2^-l' a2$) ^ 

then  \J Sp  —  { ( s^,  sg )  U  ( 5^' 9jj.)  U  * » •  U(  ®2^^ 

“  {  si,s2,s3,s4j  *  *  '*52&-liB2£  ^ 
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for  some  q,r=l,2, . .  .,£ .  Otherwise  we  say  S  is  not  decomposable 
with  respect  to  H .  As  an  example,  if 

S  *  ( ( ' sm+ 1  ^ ^ ' sm+2 )••••»( V s2nP 

( s2ffiM^  s3mtl ^ 3  ^  s2m+23 s3nrf2^ '  *  *  * 3  ^  s3m3  SW 

^s(i-2)nH-l3S(i-l)nH-l^3  “  *3^s(^-l)m3Sim^ 

then  S1  - 

2 

and  US^  =  H^g,  USg  =  H^,  . .  .* \j  S^yg  =  ^£-lf£ 

hence  S  is  decomposable  with  respect  to  H.  As  another  example 
if 

S  *  £  ^ s£m3 surH ^ ^ s2 * sm+2 ^ 3  *  *  ’^$m3$2m) 
^2m+l3S3ttH-l^3^s2mt23?3ittt2^  *  * 

^s(i-2)nrfl3S(i-l)nttl)3  ’  *  *3  ^s(i-l)m,sl^ 

i.e.  we  interchange  the  positions  of  s^  and  s^in  the  above 
example.  This  S  is  not  decomposable  with  respect  to  H, 
Similarly,  we  say  that  3  is  decomposable  with  respect  to  £  if 
there  are  mutually  disjoint  subsets  and  Sg  of  3  such  that 
s  =  S,  U  32  and  us  £  L  for  p=l,2 .  Otherwise  we  say  S  is  not 

—  "•  r 

decomposable  with  respect  to  L. 
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Here  we  see  clearly  that  when  i  >  2,  HCL  and  hence 
S  not  decomposable  with  respect  to  L  implies  S  is  not  decompos¬ 
able  with  respect  to  H,  but  not  vice  versa . 


Lemma  2 ,5  Let  be  a  positive  even  integer  and  m  be  a  positive 
odd  integer;  S>  >  2  and  m  >  1.  Then,  in  (16), 


N  N 
2  2 
t,=l  t„-l 


N 

.  2  r 

*4=1  % 


-3 


s.  ®s 


(19) 


*  0 


as  N  *4  oo  ,  if  its  associated  sub index-pair  set  S  is  not  decom¬ 
posable  with  respect  to  H. 


[Proof],  It  is  sufficient  to  show  that  (19)  holds  if  its 
associated  sub index-pair  set  S  is  not  decomposable  with  respect 
to  L.  Since  if  S  is  not  decomposable  with  respect  to  H  but  is 
decomposable  with  respect  to  L  and  say,  there  are  such 


that 

usi  - 

[s.  ,3.  ,...,S,  ,S,  } 

J1  J2  Jpm-1  dpm 

-  a1uo2u... VGp 

l/s2  = 

{s.  ,S  .  ,,.,,S.  } 

Jpm+-1  Jpnr+-2  Jinrt-1  Jim 

*  ViuVaw-"UQ-e 

then  our  problem  is  reduced  to  proving  that 
,  N  N  N 


N; 


V1 


V1 


•  S  r 

V1  h 


®S  . 


s,  -s 


,r_ 


h  h 


®s . 


Jpm-1  Jpm 


if  p  >  3  or 
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n(^'p172 


N 

2  ^*g  ag  ^*g  jj.g  •  •  • 

fci=1  Jpm+1  Jpm+2  ^pm+S  Jpm+4 

••*V  -e,  “>  0  <21 ) 

Jj0ra-1  Jj0m 


of  (i-p)  >  3>  because  in  this  case  the  summation  in  (19)  can  be 
factored  into  two  parts  (20)  and  (21 )  and  either  p  or  i-p  must 
be  >3*  and  both  of  them  ;>  2  otherwise  S  would  be  decomposable 
with  respect  to  H  by  the  fact  that  p  and  i-p  must  be  even  positive 


integers  since  pm  is  divisible  by  2  and  m  is  odd.  Hence 


2  ^  p,  £-p  £  £-2  < 

If  p  >  2,  then  on  the  part  of  (20),  we  meet  the  same  situation 
as  before  the  factorization,  only  now  p  <  &.  We  shall  factorize 
(20)  again  if  its  sub index-pair  set  is  decomposable  with  respect 
to  its  corresponding  L.  We  shall  do  the  same  thing  to  sum  (21) 
if  iUp  >  2.  Keeping  on  doing  this  factorization  for  all  factors, 
we  shall  finally,  through  a  finite  number  of  steps,  reach  the 
following  situation:  Every  factor  has  its  associated  sub index- 
pair  set  not  decomposable  with  respect  to  its  corresponding  L 
and  either  (i)  it  is  a  double  sum  or  (ii)  it  is  a  multiple  sum 
over  more  than  2  indices,  so  it  is  not  decomposable  with  respect 
to  its  corresponding  H.  Each  factor  belonging  to  (i),  as  we  can 
show  from  lemma  2.2,  is  uniformly  bounded  for  all  N.  Among  all 
the  factors,  at  least  one  of  them  belongs  to  (ii)  otherwise  S 
would  be  decomposable  with  respect  to  H.  And  if  we  can  show  all 
the  factors  belonging  to  (ii)  tend  to  zero  as  N  — >  ©o,  then  our 
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lemma  is  proved.  Therefore,  it  suffices  to  show  that  (19)  holds 
as  N  — >  <»  ,  if  its  S  is  not  decomposable  with  respect  to  L. 


Now  let  us  consider 

N  N  N 

2  2  •  •  •  2 


N^/2  tx=l  t2=l’*’t^=l  sj1"sj2  SJ3"Sj4‘ 


S^m-l"S^m 


whose  associated  sub index-pair  set  S  is  not  decomposable  with 
respect  to  L .  Since  this  multiple  sum  is  characterized  by  the 
positions  of  its  subindices  in  the  subindex  Table  (14),  we 
should  investigate  them  more  in  detail .  Let  us  look  at  the 


We  say  a  subindex -pair  connects  Gj  and  G^  ,  j-p jg-1,2, , , 

if  one  of  its  elements  belongs  to  G.  and  the  other  belongs  to 
(a,)  (a  )'  1 

G .  e.g.  (t,+k,  4  ,  t_+k  4  )  connects  G,  and  G0.  We  call  an 

jg  ll  '2m  i  f 

array  of  h  subindex-pairs  of  S,  h  <  Jt>,  a  chain  if  there  are 


G,  ,G.  ,  ...,G,  ,  if  a^b,  such  that  the  first  element  of 

J1  -2  'n<l  a  D 

the  array  connects  G4  and  G .  ,  the  second  connects  G .  and  G.  , 

vj  ^2  -2  J3 

....  and  the  hth  connects  G.  and  G.  and  we  say  this  chain 
'  '  Jh  °h+l 

connects  G.  ,G.  ,...,G.  .  We  shall  call  h  the  length  of  the 

h  -2  Jh+1 
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chain.  As  an 

( V*!^ '  ( J ’ (t3+k5  5  *t»4*9  4 

(oh) 

IS  a  attain  of  length  *  which  connects  V^.OjA  “*  V  Sinoe 
far  finite  t  and  m,  the  number  of  elements  in  (22)  Is  finite,  we 
can  pick  from  S  a  longest  chain  which  connects  the  greatest  number 
of  a  Is  (there  may  be  more  than  one  such  chain,  we  pick  any  one 
of  them) ,  Without  loss  of  generality,  we  can  assume  that  It 

connects  0^,  £  2>  t“4  Krlte  14  “ 

(  «l't'\1 1  ’  Vkig2  ))A  Vk3  32  ,t3+kJll3  *  “  * 

{ob,  -1)  ^ , 

X  i 


'2b1-3  “1  J2b1-2 

,  .  aiT  o  while  the  length  of  the 

for  some  Jgb^g 

chain  is  brl,  bt  <  f.  since  S  Is  not  decomposable  with  respect 
to  L  If  b,  <  i,  we  are  to  find  a  second  chain  which  Is  a  longest 

chain  connecting  one  of  0^, —’S  *  tbe  8reateSt  n'*6I>  ^ 
other  0 ,'s  and  with  no  loss  of  generality,  we  can  assume  It 
connects  . with  Pj,  <  b1,b2  1  *  end  write 

it  as 

(<*-  )  ^abn+i? 


(abn+l^  ^ab,+2^ 


V^'V^  1,(tbl+1+1Cj2b1+l  '  Dlf2J2b-L+2 


(a-K  ) 


(^-i1  ,  '“b6 

,ty.  +^J  / 


"VV-S  J2b2-2 
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for  some  Jgb *  *  **^2b  _2=1,2, . . .,m,  while  the  length  of  this 

chain  is  b^-b^ .  If  bg  <  Z,  we  can  always  find  a  third  chain 
which  is  a  longest  one  connecting  one  of  G-^Gg, . . . ,  to  the 

greatest  number  of  other  Gj 's .  Keeping  on  doing  this,  because  S 

is  not  decomposable  with  respect  to  L  and  &  is  finite,  we  shall 
,th 


find  a 


chain  such  that  it  is  one  of  the  chains  connecting 


one  of  G1,Gg, . .  to  %  +l*%w+2*  *  *  we  wrlte  i-fc 


as 


^ap  ^  ^..+1^  ^ab.  +1^  ^ab..+2' 

fc-  “  ,tb  +1+lc,  “  )A\  +1-Hc.  .  “  .  ,t  +k. 

pu  J2bu-1  1  J2bu  Du+J-  J2bu+1  J2bu+2 


)  >  •  •  • 


(¥  +Tr*  t  +Jai}  x 


where  Pu  <  b  and  j2t)  J2t)  , . . . ,  J2£-2  are  some  numbers  from 
1,2, . . .,m  and  the  length  of  this  chain  is  i-bu.  Apparently  the 
number  of  chains,  picked  in  this  way,  is  u+1  where  urt-1  <  &  and 
the  total  number  of  sub  index-pairs  in  these  chains  is  i-1.  Note 
that  the  lengths  of  the  chains  are  non-inc r eas ing  and  some  of 
them  may  contain  only  one  pair.  However,  the  length  of  the  first 
chain  is  always  >  2. 
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Table  of  Chains 


(a,)  (a2)  (aj  (aJ 

chain  :  (tj+k^1  ,tg+kJg2  ),(fc2+k^2  ,t3+k^3 ), . . . 

K,.i>  <«b. 


first 


n+kj  ^  >t^  +k,  x  ) 

1  ^^-3  Di 

K,+i)  (%+l) 

second  chains  (t  +k  ,t  +1+k,  x  ),(th  +1+k.  x  , 

pi  bi+1  J2bx  bi+1  J^b^i 


^ab,+2^  ^%.l^ 

+2+^i  )#♦•  *>(bh  _i+k . 

°1  2  J2b1+2  °2  A  J2bg-3 


(*p  ) 


<v+iV 


(«**)  chain  :(t  +k  +1*c  “  ),(t^  1+k1 

PU-  J2b,,-1  D«  J2b,.  Dw+*  J; 


*V  <»2b0-l  Mw  -  2bw  J2bu+1 

(obu*g>  <«l> 

(lA^k.  )#•••# (bfl  -j^k .  #t*+k.  ) 

%+a  %>w+2  *  1  J2i-3  1  «*2i-2 


r 

i 
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first > 
chain  xi 


< 


V2 


Second  J 
chainS 


•1 


b2  third  j 

chain  S 


GX>=Gl~l 


fourth 

chain 
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*  (a  ) 
V  PW 


f  («k  *i>  (<*k  *o>  *•• 

V*  *^2b,  ,+l  U^+2  h 


Jr  1'  '~bw+l'  "*bU+2 

**  V**'1*!*,  ■*■  *'*'** 

W 


* .  .r 


5-1 


_!>  («jg) 

+k.  *  1  -ta-kj  * 


-3 


-2 


(%  ) 

+k,  q2‘g’1  -t_  -k 
-1  J2i-1 


(a«  Jr  ) 


(a« )"* 


t  +k.  C",J-  -t 


•••r  (a  )  (a_  ) 

t  +lt  qfc-i  .t  .k  qfa 
^im-1  ^im-1  q^m  Jim 


K>  .  Jsi- 


?75 1';= 


N  N 
2  •  •  *  2 


1  rft  i^ti+kj1  _Vkj2  )xi 


1  V*  -* 

*  (ao)  (®o) . 

•*>■■•*  >v 


fC^dX* 


*Tt 


l«b, -i>  Cab, > 


f  1<%-l+k38b1.3  "V^-aN'1 


u 

-It 


f(Xb1-l^dXb1-l 


*  ,  (op1) 

p  l(t  +k,  4  -t.  ,-,-k,  )a. 

Pl  32b  1  »!«•  3S-c  h 

fN**h 


a 

-jt 


*  <Vi}  (v§) 

i(tb1+i+kj2b  +1  kJ2b  +2  ui' 

e  1  f^b1+l,u,vb1+l 


-<tc 
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_i)  (%  ) 

n  1(tb  -1^1  2  -  _tb  "ki  2 

Do  A  Jov>  -•a  Do  Jc 


2  J2b0-3  2  J2b0-2  u2 


ki 

-ft 


e 


ft  >  (ai?_i)  (afl), 

P  i(ti-l+kJ2<g_3  fcti_k2i-2)Xi-l 


-ft 


ft 


-1'  je»l 


n  i(ta  .  *k -t_  -k 

J2i-1 
e 


)Ki 


f (Xg)dX^ 


‘ft 


ft 

ft 


-ft 


(a  .  )  (a  .  ) 

*k,  ^  -t.  -k,  q***  )V 


ft 

n 


'•ft 


UQ.  )  (a  ) 

+lc  ^0-1  _t  _k  ***  )x 

q4m-l  q4m  JAn 


f(Xim/2)dXW2 


We  like  to  rearrange  the  order  of  integration  and  regroup  the 
exponentials  according  to  the  tj  *s .  In  this  arrangement  we  can 
only  write  out  some  of  the  Xj's  explicitly  which  are  essential 
to  the  proof  and  we  shall  denote  by  some  Uj  ^'s  the  rest  of  the 
\  *s  whose  exact  positions  in  the  following  expression  are 

v 

irrelevant  to  our  argument.  We  have,  then. 
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1  1  N  N 

:s  f  iti(Xl+ul,l+ul,2+*  *  *+ul,m-l^ 

w  C 

lt2^'Xl+X2+U2il+U2i2+* ‘ ,+U2,m-2^ 
e 

i#b,  -l(‘\*g'l‘xb1.l+'1b1*l,i'l'uis1*i.4+-  *  •+ub1-l,n-2) 
e 

6 

iS1+i(“\1+\+i+uV1^1+Ubi+1#2+‘‘  ,+Ubi+1>m“2) 

e 


(a.)  (a)  (a  )  (o  ) 

1  I,  C  J.4  (  lr  &  J 


h  kj2 


-It  J  )Xo+M. 

3  h  ^ 


(a  )  (aa  ) 

•Um-1 


f(X1)f(X2)...f(X<em/2)d\d^.*-d^2 


where 

ui,l'u.0,2'  *  *  *,ui,m-l  =  ±V±x,e+i'  *  *  ^i^rn/2 
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changing  the  order  of  summation  and  integration,  we  have 

fc 


r-j 


sin  Ik 


,+U,  ~+  .  .  .+U, 


_ jSLL  __JL _ A  j  J 

sin  ^(X1+u1^] 

-  AjC  ijjll-J. 

.+ul,2T"-,ul,ft-l) 

sin  |[( -X-j+XgH 

_U2 . l+u2 .2+  *+u2 .m-2^ 

sin  |(-X1+XgH 

'U2,l+U2,2+ *  *  *+u2,m-2^ 

sift  |(‘H1-ih 

>  t  »  • 

"Ub3,l+Ub1,2+** •+ub1,ffl-l) 

sin 

sin  |(-Xb  +Xt 

)1+1+Ub1+1 , 1+Ub1+1 , 2+  4  *  •+ub1+3/a-2) 

sin 

)1+l+uh1+l,l+1Jh1+l,2+  *  *  •+uhL+3,m-S) 

i  •  •  • 

sin  f(*X^_1+\ 

sin  g(  -xi-i+ui,i-ui,2+  *  * 

,  («,)  (O  (a~-  >  <«--  > 

i(k  1  « 

e 


)X« 


f(\1)f(\2) . .  .f (^m/2)aXldX2  *  *  -<%n/2  <23) 

»l)  In  (X^+u^j*,  •  •+ui,m-l^,^’\+^2+U2,l+*  *  *+u2,m-2^  *  *" 
(-X^  ^+ug  , .  ,+ug  m_^)  there  are  exactly  one  Xj  and  one  -X^  for 
each  J  hence,  ( Vul,l+*  •  •+u1,m.1)+  •  •  •+(-*e-i+ui,i+  • • •+u<e,m-l) 

=  0. 
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(idi)  No  two  of  |  ^^u^  ^  •  *  ‘*ui,m«l  1 1  I  *  *  ,+u2,ni-2  ^  * 

. . .,  |  2.+ . .  .+u  ?  m_1 1  are  identically  equal,  because 

df  any  two  cf  them  were  identically  equal,  it  would  imply  S 
is  decomposable  with  respect  to  L  which  would  contradict 
our  assumption. 


(iii)  Because  m  is  odd, 

X1*uljl+..,+u1)Cl,1  *  6 

•W“2, 1+  * -  •+u2,m-2  f  0 

•H,i  +ui,i+** ‘+ui,«-i  *  0 


Our 

as  N  — >  oo  . 
less  than 


goal  is  to  show  that  the  integral  in  (23)  — >  0 
The  absolute  value  of  the  integral  in  (23)  is 


it 

r...f 


) 


“Wu2,l+*’*+U2,m-2) 


%^"N31-1+Ub1,l+*  •  *+ub1,m-l) 

M  _Xb1+Xb1+l'l'ub1+l,  1+  *  *  *+ub1+l,m-2^ 

"Xb1+1+  Xb1+2+ub1+2 , 1+ '  *  *+ub1+2,m-2; 


%(^»l+%l+‘-^,m^) 
f  (X^)^(^g)  •  •  •  ^ ( ^im/2 ^ ^ *  *  '^£m/2  (^) 


HlfcVJ 
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Since  the  integral  in  (24)  is  finite  for  each  N,  by  Pub ini 
theorem  we  can  rearrange  the  order  of  integration .  Since 

Kn(X1+U1,1+**  *+ul,m-l  ^ “XJ0-1+U.0,1+  *  * 

^  ^4^X1+U1,1+  *  *  *+ul,m-l )+KN< "xje-l+ui,  1+  *  * 


(24)  is  less  than 


KN^X£-2+Xi-l+ujg-l,l+  *  ‘  ,+ui-l,m-2^ 

f(X1)f(Xs)...f(\im/2)  d\1dX&...dXi 


It 

JZ7?  (2tc)W2  .  • '  *  %("  WU2,l+“  ,+U2,m-2^ 


V " Xi-2+Xi-l+Ui-l,l+  *  *  ,+ui-l,m-2^ 

KN^^-1+%1+**  *+ui,m-l^ 

f(  xL)f(  ^) » •  *f  ( *  *dX£m 


If  the  last  chain  is  of  length  lj  ^n^~x(2—2^XJ?^1^'^^~1  1^*  *  * 

**.+ui-l,m-2)  in  (2§)  should  be  replaced  by  %('^2+ui-l, 
f,,+Ujg_i  m_i) .  In  the  second  part  of  (25) 
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xm^mm  f •  •  -j  %<'VVas,it- 

*■  -it w 

kn(‘X2+X3+U3,1+* 


•+u2,m“2) 

•+u3,m-2^ 


KN(‘X£-2+Xi“l+u-e“l,l+**  •+Ui-l,m“2) 
f(X1)f(X2) . .  *f *  *  ,dXi-2 

(26) 


uniformly  for  all  \0_i*xi*Xj0+i*  *  *  ,,Xim/2  as  N  00 
lemma  (2.4) . 

(ii)  the  remaining  part 


f  (xjg-l)f  (x^)f  (x^l)  •  •  *f  (xim/2^aXi-ldX^’  *  ,dXV2 

JSLi  i|-je-l 
<  maxtC^C^  2  ,  C2Ci  3 

hence  the  second  part  of  (25)  approaches  zero  as  N  ->  00  . 

We  can  show  the  first  part  of  (25)  also  approaches  to  zero  as 

N  — >  00  by  a  similar  argument • 

Therefore  (25)  -»  0  as  N  — »  00  .  It  follows  that 

(24),  and  hence  (23),  approaches  zero  as  N  ->  00  .  Thus 

lemma  (2 .5)  is  complete. 

T.«nmft  a. 6  Let  m  be  a  positive  odd  integer  and  W  *  *  * 

~.„9^1,2,,,„n.  Let  A  “  {  «1,ag,  •  •  *#0^  }  • 
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for  all  N  when  i  is  odd 

*  %  „  when  &  Is  even 


?  ra,  ,a.  %  ,a  •**  \  ,a. 

A  i2  •%  <4  H-l  H 


as  N  -4  oo ,  where  2  was  defined  In  Theorem  1 . 

A 


[Proof  3. 


The  proof  of  part  (a)  Is  very  simple . 
N  N  N 


2  2  ...  2 


2  (X 

c«,)x 

+kl  *5 

(%)* 

(X 

4- 

(<*g)X 

(O’ 

Vkm 


.,,x 


(“i)’ 


N  N  N  ( 

2  2  ...  2  E<((X 

tl“1  t2=1  tjT1  ] 


X  (a^-’-31  («,)> 

V*  h% 1 


(X  («i)X  (“e),-,X  («*)'> 

v*s»  J 

g-  0  for  all  N, 

by  Theorem  1,  because  <6  and  m  are  odd  implies  £>m  is  odd. 

The  proof  of  part  (b)  for  the  case  m=l  is  clear.  The  part  (b) 
of  the  lemma  for  m  >  1  also  follows  easily  from  lemma  (2,2)  and 
lemma  (2.5) .  Lemma  (2,5)  tells  us  in  (16)  only  those  terms 
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whose  sub index-pair  set  are  decomposable  with  respect  to  H  have 
non- zero  limits  and  lemma  (2 .2)  gives  us  the  limits  of  these 
terms  which  is  just  our  desired  result . 

Hence  lemma  (2.6)  is  complete. 


Lemma  2.7 


as  N  — >  oo,  where  jM),1,2,  . . .  and  p,a,  a=l,2, . .  .,n  are  any  real 
numbers . 


[Proof],  (a)  Let  A  ■  {o^Cg,  . . ., 


n 

[  2  ji  Ym  „) 
i  a  N.ct 
a=i  - 


2i 


n 

*  2 
V1  ai 

n 

2  . 

fi 

n 

..  2 
a2  £r~ 

•f 

a1YN,a2“ 

n 

n 

n 

->  2 
a,=l  a, 

l  '  t 

2  . 

fl 

..  2 
a2i_1 

’  * 

*u  2  r 

A  0 

:Jl,aj2raJ; 

(27) 

by  lemma 

2.6 

i .  Note 

that  (ctj 

1  J2 

a.  )  are 
% 

all  permutations 

of  (a1#a. 

l*  *  * 

(27)  is 

equal  to 
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n  n 

I  S  2 


a  *VWV"'* 

=  ^  (  2  ,  2  ..^a  ;  ^a,  ra .  ,a .  ^ 

a  L  Ji_1  J2*1  3l  Jl  Js 

n  n 

(  -1  „  2_/a,  Nx,  ra.  ,a .  )*** 

^  %  J3  J4  h  J4 


. .  .rv 


n  n 


But  each  factor  in  the  summand 
n  n 

X  X  K4 

a.  =1  a1  =1  J2p-1  i 

J2p-1  J2p 


n  n 


a^=l  a2=l  H’alP’a2  al,a2 


and  there  are 


terms  in  2 
A 


Hence  (27)  equals  to 


n 

[  2 


V4 


n 

2 


V* 


W\'h 


A 

x 


which  is  our  desired  result. 

(h)  The  assertion  of  (h)  follows  directly  fro®  lemma  2.6. 
Hence  lemma  2.7  is  proved . 
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be  generalized  to  the  case  that  Yjj  a,  0=1,2, . .  ,,n  are  of  degrees 
ma,  respectively  where  ma,  a=i,2, . . ,,n  are  any  positive  integers. 
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3.  The  Main  Theorem . 

Th|orem_3  Suppose  f  £L2(-x,it)  and 

N13gL  ik  |  KN(x)f(x)<aX  (29) 


exists  and  is  finite .  Then 


ccsl,2* . . .  ,n,  where  n  Is  a  positive  integer  and  ma  are  positive 
integers  and  .  ,,k^)  are  integers,  are  asymptotically 

jointly  normally  distributed  with  mean  zero  and  covariances 


/o 


x  n 


(2  it) 


ma+mB  J 

2  -  ~TC 


exp 


y»), 

Uf) 


•J' 


•  •  ?jk 


,(«>\ 

*a  ) 

(?r 


H  »•••»  Xmg+m6 


if  ma+mp  is  odd 


f(Xl),,.f(Xma+mp) 


dX1dXg . .  ,d\n 


if  n\j+mp  is  even 

and  |  r  |  <  oo  ,  a, 0=1, 2, , .  .,n.  In  particular,  if  all 
a,p 

%,  a=l,2,  . .  .,n,  are  even,  the  condition  that 

x 

«»  m  I 

N  ->oo  —  - 

exists  and  is  finite  is  not  needed . 
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We  say 


S  •  {(s .  >s,  ),(s,  ,s.  ,s  )} 

J2  J3  J4  «Hg  J 


Is  a  sub Index-pair 


set  if  {s ,  ,s ,  , . .  .,s,}  is  a  certain 
31  J2  m£ 


permutation  of  s-^Sg, . .  .,sM  . 

We  say  a  subindex -pair  set  S  is  decomposable  with 
respect  to  J  if  there  are  disjoint  subsets  of  S  such  that 

S  =  S^USg  and\|S^«Gj,USg=lj  for  Some  j»l,2,  . » Otherwise  S 
is  not  decomposable  with  respect  to  J . 


We  need  a  lemma  to  Justify  the  remark 

Theorem  2 . 

Lemma  3.1  In  the  expansion  of 


after 


eJ(x 


(a,)*  (a, ) ' '  "X  (a,)*011  (a,)‘”x  (a,) 

1+K1  tl+lC2  tl+\t  tl+kl  tl+1Sla 


(X  (a2)x  (a  )"-X  (a  )-m  (a,,)”'*  (a  ) 

*9*1  *»*9  :  V\  *9*1  ¥V 


the  sum  of  all  the  terms  whose  subindex-pair  sets  are  decomposable 
with  respect  to  J  is  zero,  i.e.  after  cancellation  of  the  terms 
in  the  expansion,  there  is  no  term  containing  a  factor  like 
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S<X  (a.)X  (a.)-X  (a,)> 

V*!  J  V*3 

for  some  j=l,2, . . .,i . 

[Proof]  Write 

WJ*X  K)x  («,)‘-'X  (a.) 

jsi ^2 j » » % } &  * 

Consider 

E^-EW^CWg-EWg)  . .  .(Wg-EWj)  }  (32) 

Let  A  *  sum  of  all  the  terms  in  the  expansion  of  (32)  whose 
sub index-pair  set  is  decomposable  with  respect  to  J. 

Let  «*  sum  of  all  the  terms  in  the  expansion  of  (32)  which 
contains  EW1  as  a  factor. 

Ag  »  sum  of  all  the  terms  in  the  expansion  of  (32)  which 
contain  EWg,  but  not  EW^,  as  a  factor. 

•  •  •  •  • 

A^  «  sum  of  all  the  terms  in  the  expansion  of  (32)  which 
contain  EWg,  but  not  ES^  or  EWg  ...  or  EW as 
a  factor. 

Then  A  *=  A^+A^+ . . ,+A^ . 

However 

A1  a  E(W1-EW1)e{(W2-EW2)(W3-EW3) , . .(W^-EW^)} 
a  0 
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a2  =  e(w2-ew2)e{  (w1-ew1)(w3-ev/3)  . . .  (W^-EWg)} 

-E( W2 -EW2 ) e( w1  -ev;x ) E{  ( w3 -ew3 )  . .  .(Wjg-EWi)} 

=  0 

a3  =  e(w3-ew3)e^  (w1-ew1)(w2-ew2)(w4-ew4)  . ,  4<Vj-»fj)} 
^e(w3-ew3)e(w1-ew1)e{(w2-ew2)(w4-ew4)  .  ..(V^-EWg)} 

-e(w3-ev/3)e(w2-ew2)e{(w1-ew1)(w4-k^)  .  ..(W^-EW^)} 

+E(W3-EW3)E(W1-Btf1)E(W2-EW2)E((W4-EW4)  .  ..(W^-EWg)} 

*  0 

AJ*  0 

Hence  A  «  0,  Lemma  3.1  is  proved . 

Lemma  3.1  justifies  Remark  (ii)  after  Theorem  2,  hence 
the  proof  of  Theorem  3  goes  exactly  like  that  of  Theorem  2 .  We 
shall  state  without  proof  several  lemmas,  and  the  conclusion  of 
Theorem  3  follows  immediately . 

Lemma  3  .2. 

E  £YN,aYN,p}  >  ra,p 

as  N  — » oo  ,  a,p=l,2,  . .  ,,n  and  moreover  |ra  <  oo  . 

Note  when  all  ma  are  even,  the  condition  (29)  is  not  needed 
because  no  such  tern  will  appear  in  the  proof  of  lemma  3.1 • 

Lemma  3.3 .  Let  A  —  £  cc^ ,  n2 , . . . ,  o ^  ,  then 
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N,a1YN,Gt2,**YN,ojg^ 


->s!  o 
2  r 


a  ct  ,a  ra,  ,a,  *  *  *ra.  ,a, 

a  i2  j3  J,g_i  J,e 


if  i  is  odd  (a) 
(b) 

if  &  is  even 


as  N  ->  oo ,  where  2  was  defined  in  Theorem  1 .  Note  in  part  (a) 

A 

of  lemma  3.3*  we  have  —>  0  instead  of  *  0  in  lemma  2 .6  (a) . 


Lemma  3,4 


2& 


E(  2  HaYN  )**  - >  [  2  2  ft.  ji.  r  a  ] 

a=l  a  2* i>\  a^=l  a2»l  T.  °2  cl>  2 

E(I  ' 


0 


as  N  oo  where  na,  0=4,2,  ...,n  are  arbitrary  real  numbers  and 
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4.  A  Further  Generalization. 


W(t*kp  *  •  «ikm)  “  zt+k^Xt+kg  *  *  *Xt+k^ 

'  m?i  k, , . .  ak1>V“*,kto 


[W(t,k^,  .  •  “EW'C^i^i  •  •  •>ltft)  3 


i  " 

,k^, . .  .,k  )  =  -r  2 


2  [W(t,k^,  •  •  »>k^) -EW(  t,k^> .  • .,k^)  ] 


%,M,a  *  ^  YM,a 


M  QC 

z  .  z  **.  ,kp, . .  .,k  VW  •  •  *' V 

m=l  k1# . .  .,^“-3  “  *  m 


a.  u* 

where  a.  iare  real  numbers,  and 

K^jKg*  •  *  •  •»  *Sn 

it  t  . 

^'kl,k2*  ’  *  *'km,kl,k2J  *  *  ,,km*  ' 


»  E[W(t,k1# . .  .,k^) -EW(t,k^, . .  .,km)  ] 
[W(t,k^, . . .  ,k^) -EW(t,k^,  . .  .,k^|)  1 

ii  i  x 

r(k^,kg, . .  .,km,k^,kg,  . .  .,1^,) 

—  11m  EWjj(k^,kg,  . .  •  *km)Wj|(k^,kg,  *  *  ,,km*^ 

Lemma  3.2  assures  the  existence  of  the  limit  s*. 


Theorem  4.1.  Suppose 


oo  oo 

2  2 


oo  oo 
2  2 


m=l  k^-oo  m*«l  k^=-oo 
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Then 


%,<*<*> 


in  the  mean 


-  f 


GO 

2 


a 


m=l  ^=-00 


IC41T^lc‘,m 

Ki=i^Ki 

•  •  >^j)  ~EW(  tyk^i  •  •  •  $ 


as  M,a  -4  00  ,  where 

E|Y(t)|2  =  lim  E|YM  _(t)|2 
M,a — >00  M*a 

-  f  | 

m=l  k.^ 


3  CO 

00 

2 

‘-00  m 

2  a 

-  t 

k^=*6o 

k1,k 

i  *  •  •  i®. 

i=l, . . 

l-ki 

kum , 

c(1£l 

*^2> 

1  *  r  . 

“•'km' W”-'km‘' 

(37) 


[Proof]  Let  M^Mg^a^cig  be  any  positive  integers  and  let 

M  =  min(M1,M2) 
a  =  min(a1,a2) 


Then 

bIy„ 

1  -  YM  «  (t)!2 

/Ml 

M2  ag 

~j  s 

Z  -  2  2 

*n^l  1 

cl»  *  *  **knr~al  m=1  ki*  *  "» 

ki-l<ki 


a. 


ki_l<ki 


% 

2  2  -2  Z 

m'=l  m,=l  k^, . .  ,,l^=«a2' 


ki-l^ki 


ki=l^ki 


a. 


*  *  •  *,ISn  I 


K 


\  c 
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foo  OO  \  /°°  _  „  OO  N. 

2  .2  .  +  2  2  \(  2  ,2  +22  \ 
m=l  aClkJ  M<ra  J  ^m*=l  a<lk^l  M4a  k^-oo  J 


1=1, . .  ..m 

h-i&t 


i*,lj  •  • « jin 


1=1,  .  .  .,1b1 

*um 


1*1  *  . .  .,m 

ir  t  fifi 


I  >i« 

\»  *  *  .  •  .,k^,  ^  *  *  *'Vkl'  •*',kta* 

1  ,  for  each  e  >  0,  we  can  choose  an  M(e)  >0 


>  0  and  an 


>  0  such  that 


?CO  66  , 

,2  ,  2  2  I 

m-1  a<|k1l  m'=l  k^=-co 

1=1  j . . .  ,m  1*1*  •  * :  *m  1 


-  k  ®k 1  ■  k 1 

I  «  «  >  j  iw*j  j  •  •  •  j  | 


i=l|  (>•  •  jin  isl|  •  •  •  j 

Wv  “U&i 


i  1  \  l  ® 

c(k^>  • » *> k^,k^,  •  •  )  I  ^  If 


and 

60 

2  2 


60  OO 

2  2 


2  2  2  2  |a.  k  a.i  ,i 

M<m  k^-oo  m«=l  k»=-oo  Kl'**-,Km  *1* 


1=1 j • • < , m 


1=1  j  •  •  •  j  m ' 

l“l~kl  c(k^,  •  •  •  •  •» )  I  <  Tf 


whenever  M  > 


M  >  M(s)  and  a  >  a  (e) . 

Prom  (38)  and  (39) ,  It  follows 


,<4*)  *  v*w|,<* 


whenever  M^,Mg  >  M(e)  and  a1,a2  >  a(e) .  Hence  YM^a(t)  converges 
In  the  mean  as  M,a  — >  00  and 

Ym  a(t)  ln  the  -»  Y(t) 


in  the  mean 


00  00 

=  2  2 


t^K t,k^,  • .  .,k^)  ~  EW(t,k^, , .  .,1^)  ] 
The  assertion  (37)  follows  easily  from  (35) * 


Q.E.D. 


562(29)/8 


We  have  shown  that  given  (35)  the  Y(t)  in  ( 36)  exists 
in  the  mean.  Now  we  should  like  to  find  a  condition  on  the 


coefficients 


^k^>kg>  •  •  *j 


such  that 
N 


Y.t  = 


-  -r  * 

w  N?  t=l 

is  asymptotically  normally  distributed . 

Let 

*  *  •'km,kl,k2'  *  * 

and 

fj (k^,  . ,  j )  —  ^sup  rj|(k^>  . .  .>k^n>k^j» . .  )  (40) 

Then  one  of  the  sufficient  conditions  for  YN  asymptotically 

normally  distributed  is 

oo  06  oo  oo 

2  S  2  2  I  a.  j.  aji  ij.  * 

m=l  k,, . .  .,k_=-oo  m«=l  kJ, . .  .,^,*-00  Ki*  V**  "Km« 

Tl(kl'kg'...,kro,k;L,kg,...,kttl)|  <00 

(41) 

Condition  (4l)  assures  the  uniform  convergence  of 


0 


N 


00  00 

2  2 
m=l  k^-nx? 


00 

2 


00 

2 


m‘-l  k^^eo 


I 

•  •  •# 


1-1 }  •  •  •  ni 

ki-3 


i*l, . .  .,m' 

k* 

Ki- 


^N^^l*  * !  *  *  •*km‘^  ^ 


for  all  N,  which  is  sufficient  to  give  asymptotic  normality  of 
YN.  The  proof  will  be  carried  out  in  theorem  4.2. 
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is  riot  a  very  unpleasant  condition,  since  we 

.  i  i 

can  easily  give  an  upper  bound  for  each  rj(k^, . .  .,^,1^ , . .  .,k^f , 
independent  of  N.  By  Corollary  1 .1 

,...,km)WN(ki, 

N  N 

v*i  •  •  •  V\)  3 

.  ®  I 


~  N  ^  ^  ®*[X.  +Jr  •  •  *^4-  +k 

W  tx=l  tg=l  *1  “k  Vt» 


*  0 


I 


¥%  *  *  Vkm*  '  V*! ' '  Vkm  • 3  3 

if  ntf-m1  is  odd 


N  N 
2  2 


k*  ~k  j 

J1  o2 

* • •  **  _k 

>*2u-l  ^2w 

ki  -ki 

rk»  -k’ 

•  *  *  rv  »  m\r  t 

iVy. 

P1  p2 

p3  p4 

p2t»H-2P-l  , 

■(t,+k,  -tp-ki  )**-r(t,+k,  -tp+k*  ) 

1  J2wKL  2  P2u*2p+1  1  ‘'m  2  pm» 


if  m+m1  is  even 
«  .  1  -  -  -  m’-m 


where  =  {k^,...,^}  ,  A^,  =  {k^,  . .  .,1^, }  and  p  2 

By  a  simple  estimation, 

®^jj(ki,  •  •  i ^  nH*m-  is  odd 

and  I BWjj(k^, . .  .,k^)Wjj(k^, . .  .,k^| )  | 


.  (m+mO  l 
-  nr+m  * 


m+m1 


r  2 


if  ntfm'  is  even 


(^)! 


for  all  N,  where 
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max  r.  ,l) 

-  oo  <  t  <  oo 


G  «  max(  |  r2,  sup  |  J  K^(X)f (\)dX) 

-oo 

Hence,  we  can  replace  *>(1^,  . .  . .  .,k^f)  In  (41)  by 


fj  (i^i  i  *  j )  J-  0 


m-t-m* 


lMto1  )  1__  -  2 


If  m+m'  Is  odd 


if  m+m'  Is  even 


4S  (Mi)! 

Nt 

and  get  a  more  explicit  sufficient  condition  for  asymptotic 

normality  of=T  2  Y(t) 
t=l 


OO  OO  OO  OO 

2  2  2  Z  | 

m=l  ^,...,^=-00  m,s=l  k|,  . .  ,,k^,=-oo 


^1* 


ki-l— ki 


kU<kl 


"H (k-^>  • .  •  »l^a»k^,  •  •  *.»km)  ^  00  (^) 

Theorem  4.2  Suppose  f€_L2(-Tt,x)  and 

u 

A  |  4^^ 

-X 

exists  and  is  finite.  Then 


YN  -  %  2  Y(t) 
w  N*  t=l 


where  Y(t)  was  defined  in  (36),  is  asymptotically  normally  dis¬ 


tributed  with  mean  zero  and  variance 

oo  oo  oo  oo 

P  ~  2  ^  2  ,  2  f  a.  i.  a.  , 

m=l  m*=l  k^,...,^,*-***  *1 


1  ic» 


ki-l<ki 


kLl&i 


r(k^*  •  •  **^,1^, . .  •*km,)(47) 
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where 


^  is  defined  in  (34),  if 

or  in  particular  if  (46)  holds . 


holds 


CO 


The  condition  lira  K^(X)f (X)dX  exists  and  is 


finite  is  not  needed  if  a 


-oo 


=0  whenever  m  is  odd. 


^1  * ^2*  *  *  ‘'^Sn 

[Proof]  As  we  have  remarked  before  condition  (41)  implies  that 

60  60 


OO  oo 
2 


2 

2  | 
k|=“0 0 

!*k. 

»oo  m*=l 

. . . .  •  m 

1*1, . .  .,m* 

A 

ki-l^ki 

rM 

1'  **  *  *  •'^n1 


converges  uniformly  for  all  N  and  pjj  is  a  uniformly  bounded 
sequence.  Therefore 


M  a 

YN,M,a  m?i  l^,  ..^,k  =-a 
ki-l<ki  H 

ln  the  mean  ^  y  =*  2  Y(t) 

-  N?  t=l 

00  00 

=  2  2 

m=l  ^,..,,^=-00 


m 


,koJ  . .  ) 


m 


&k^ *  •  *  •» 


9  •  •  •  9 


uniformly  for  all  N,  as  M,a 
Let 


^  00  . 


PM  ~  =  lim  ElY„  m  J‘ 


M,a 


M,o  "  N,M,a 

exists  by  Theorem  3  and 
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60 


M 

=  2 


m=l  1^1  <o 


j  •  •  •  jin 


m»*l  |k||<a 


h*  •  ‘  '**&*!>  *  *  •'kii* 


« jin1 

i-l—  i.  r(k^,  . . .  ,  . .  •>kjjjl) . 


or  (46),  we  have  the  p  of 

pM.a  P 


exists  and  Is  finite  and 


as  K,  a  —  ^  oq 


It  Is  easy  to  show  that  (48)  Implies,  for  fixed  t, 

itYM  M  H  itY.r 

E{e  N#M*a}  — >E{e  N}  (50) 

uniformly  for  all  N  as  M,cc  — >  oo*  By  (49)  and  (50)  we  have, 
for  each  e  >  0  and  fixed  t,  an  M(e,t)  >  0  and  an  d(e,t)  >  0 
such  that 


|e-i%,a*2  .  e4Pt2, 


itY„  „  „  itY.T 

|E{e  N'M*a}  -  E{e  N}|  <| 

whenever  M  >  M(e,t)  and  a  >  a(e,t) .  By  Theorem  3,  for  each 
(e,M,a,t),  we  have  an  N(e,M,a,t)  >0  such  that 


(53) 


whenever  N  >N(e,M,a,t).  By  (51),  (52)  and  (53),  we  have,  for 
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itY, 


•  Ni  - 


e 


itY, 


e  N]  -  E{e 


itY, 


N,M,a 


}[ 


♦  tE{eltYN»K»a}  , 


~4pu  t* 
+  i6  m»° 


-  e 


I 


<  fii<! 

whenever  N  >  N( e , M,  a , t ) . 


Q.E.D. 
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